Introduction
In Since the Brownian motion process is the only stable process with continuoas sample paths we can have no such result for stable processes of index c~, c~ < 2. We can, however, pose a related question for the stable subordinator, T t (co). Here the sample paths are increasing and one can ask to what extent they are uniformly increasing. In other words, for what functions ~b, if any, do we have lira inf Tt+h(e))--Tt(~ -1 ~o o=<t<l q~(h) 0<h<e holding almost surely? In this paper we answer this question and then use the relationship between the local time at zero of a stable process of index ~, ~> 1, in R and the stable subordinator of index 1 -1/~ to obtain a modulus of continuity result for the local time. Finally, we apply our result to a problem considered by Jain and Pruitt in [4] .
Preliminaries
Suppose that 0< ~_< 2. A stable process of index ~ in R is a stochastic process Xt(o~), defined on some probability space (f2, Y,P) with Xo(og)=0, stationary independent increments, and with characteristic function given by
Here ~ (z) = c [zl" [ 1 -i h sgn (z) w (~, z)], where w (e, z) = tan 0z e/2) if ~ :~ 1, and w(1, z)=-(2log Izl)/m h and c are real constants satisfying I h] < 1 and c>0. If ~=2 and c-i-E, Xt(c~ is the Brownian motion process, if 0<e< 1, c=cos(ne/2) and h = 1 the corresponding process, T~(co), has increasing sample paths and is called the stable subordinator of index e. T~(co) is seen to satisfy E exp(-2 Tt) = exp (-tU 
The Distribution of T t
We could deduce our estimate for the distribution of T t from that for the density given in [7] . However, we lose nothing by doing the computation directly. The saddle point approximation shows that, as x --+ 0 +,
and the lemma is proved.
Lipschitz Conditions
We come now to our main theorem.
Theorem 1. Let Tt(co ) be a stable subordinator of index c~, and let
Proof. Let q, j and k be non negative integers such that O<__j<=2 q and [q/3] < k < q, and let 6 be such that 0 < 6 < 1.
Let Ajk q be the event:
so that P(Ajkq) = P(T 1 < x) where Lemma 1 now applies to show that (q + 2)1 + a P(Ajkq)=O (1) The Borel-Cantelli lemma now shows that, for almost all a~, there exists an integer q (~o) such that, whenever q __> q (09), o~ Ajk q . That is q > q (o)) implies
for all integers k = [q/3] ..... q j=0,...,2 q. Now let ,/(co) = q (~o)/2 q(~'). For any t satisfying 0 _< t < 1 and h with 0 < h < q (o9) we define integers q, j and k as follows: Lemmal shows that 2qP(Aqo)~Oo as q~oo, so that P(Bq)~0 as q~oo. We thus have
(1)]
as q ---~ zt3.
This, and the arbitrary choice of 6, shows that
almost surely. (4) and (5) combine to prove the theorem. Now let Xt(co ) be a stable process of index c~, c~> 1, in R and suppose that p is given by 1. We can now establish the following modulus of continuity result for the local time at zero of X t (co). 
Collision Sets
We recall the definition of Hausdorff dimension. For any subset E of R and each pair e, e>0 we define A~(E) as A~(e)=inf~ (diam Si) ~ i where the infimum is taken over all covers of E by sets, Sz, of diameter less than e. T(B, a) ) >= c~ dim B for all B) = 1.
Now let A~(E)=lim A~(E). Then A~(E)
is
(7)
Proof It is sufficient to prove (7) in the case where dim B>0. Suppose co is such that (2) 
o Z a~/k > Z [(c i -bi)] ~
The sum on the left hand side can be made as close to 2 o A ~ T(B, (~) as we please but the sum on the right hand side is always greater than A~ So 
o A~/k T(B, o)) >= A~ (B).
As e ~ 0, b ~ 0 and the right hand side tends to infinity so that A ~ T(B, a)) = oo and dim T(B, e)) >= O/k. Now, by the choice of 0 and k we have dim T(B, e)) >_ a dim B. This is true for any B and any o) satisfying (2) so the lemma follows.
In [4] Jain and Pruitt established the following result.
Proposition. Suppose that l<a<fl=<2 and that X,(co) is a stable process of index fi in R. Let Yt(o)) be a stable process of index ~, defined on the same space as Xt(o) ) and independent of Xt(o ). We define C(co), the collision set of Xt(o) ) and Y~(o~), by
C(o)) = Ix: x = Xt(co)= Y~(o~) for some t].
We then have
Their arguments apply directly to show the following, slightly weaker, result. If ~ < 1 and Yt(o)) is not a subordinator then
In what follows we establish the stronger result in the case where Yt(co) is a subordinator. We will now indicate how the arguments of [4] can be modified to obtain the opposite inequality. For the remainder of the paper we shall assume the notions of polar sets contained in [4] .
Let f~(t, x) and f,(t, x) be the transition densities of X t and T~ respectively. Then, see [7] , there are positive constants c4, c5 and c 6 such that c4<fl~ (1, x) 
whenever Iz[ = [rl <1~.
Proof. Suppose that z has cartesian coordinates (x, x). If x_<0, (9) is trivial since both sides of the inequality are zero. So we may suppose that 0 < x < 1. Now, by the scaling property, Jain and Pruitt assert that F~@ x if' but this is not clear. It seems better to consider the set H defined by //= [(co, co'): Y~_ (co') or Yt (co') = Zs-(co) or Z~ (co) for some s, t > 0]. 
